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Abstract
It was Moore who ﬁrst introduced the triplewhist tournament TWhðvÞ problem in 1896. It is
proved in the literature that the necessary condition for the existence of a TWhðvÞ; namely,
v  0 or 1 ðmod 4Þ; is also sufﬁcient except for v ¼ 5; 9 and possibly excepting
vAf12; 56g,f13; 17; 45; 57; 65; 69; 77; 85; 93; 117; 129; 153g: In this paper, it is shown that
there is no TWhð12Þ and that there does exist a Z-cyclic TWhðvÞ for each
vAf44; 45; 48; 52; 56g: This completes the even case for the existence of TWhðvÞ: By applying
frame constructions and product constructions, several new inﬁnite classes of Z-cyclic
triplewhist tournaments are then obtained.
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
A triplewhist tournament TWhðvÞ for v ¼ 4nðor 4n þ 1Þ players is a schedule of
games ða; b; c; dÞ; where the unordered pairs fa; cg; fb; dg are called partners, the
pairs fa; bg; fc; dg opponents of the first kind, and the pairs fa; dg; fb; cg opponents
of the second kind, such that
(1) the games are arranged into 4n  1ðor 4n þ 1Þ rounds, each of n games;
(2) each player plays in exactly one game in each round (or all rounds but one);
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(3) each player partners every other player exactly once;
(4) each player has every other player as an opponent of the ﬁrst kind exactly once,
and that of the second kind exactly once.
A TWhð4n þ 1Þ is Z-cyclic if the players are the elements of Z4nþ1 and round
j þ 1 is obtained from round j by adding 1 ðmod 4n þ 1Þ to each element. A
TWhð4nÞ is Z-cyclic if the players are the elements of Z4n1,fNg and the rounds
are similarly cyclically generated ðNþ 1 ¼NÞ: Thus a Z-cyclic TWhð4nÞ is a 1-
rotational design. By convention, in a Z-cyclic TWhð4n þ 1Þ; 0 is missing from the
initial round.
The triplewhist tournament problem was ﬁrst introduced by Moore [19] in 1896.
For a long time there was no progress until Baker [5] proved in 1975 that a TWhðvÞ
exists for v ¼ 4; 8; 16; 24 and for all large v; v  1 ðmod 4Þ and v  0; 4; 12 ðmod 16Þ:
In 1997, much progress was made by Lu and Zhu in [17]. It is proved that the
necessary condition for the existence of a TWhðvÞ; namely, v  0 or 1 ðmod 4Þ; is
also sufﬁcient with 2 deﬁnite exceptions, namely v ¼ 5; 9; as well as 15 possible
exceptions, namely vAf12; 56g,f13; 17; 45; 57; 65; 69; 77; 85; 93; 117; 129; 133; 153g:
Recently, v ¼ 133 has been deleted from this list by Ge and Zhu in [14]. We
summarize the known results for TWhðvÞ in the following theorem.
Theorem 1.1 (Lu and Zhu [17], Ge and Zhu [14]). A TWhðvÞ exists if and only if
v  0 or 1 ðmod 4Þ is a positive integer, except for v ¼ 5; 9 and possibly excepting
vAf12; 56g,f13; 17; 45; 57; 65; 69; 77; 85; 93; 117; 129; 153g:
However, the existence problem for Z-cyclic TWh is more difﬁcult and the known
results are much less complete despite the effort of many authors, for example,
Anderson and Finizio [2], Anderson et al. [3], Buratti [7,8], Finizio [10,11], Liaw [16],
and Ge and Zhu [14]. The following results are known.
Theorem 1.2 (Anderson [1], Attinger and Leonard [4], Ge and Zhu [14]). There
exists a Z-cyclic TWhðvÞ for v ¼ 4; 8; 21; 25; 33; 49; 133; 112; 192; 232 and v ¼
4t; 4ptp10:
Theorem 1.3 (Ge and Zhu [14, Theorem 1.5]). There exists a Z-cyclic TWhð3v þ 1Þ
if v is a product of integers from the set P; P ¼ P1,Q,f21; 133g; where P1 consists
of all primes congruent to 1 ðmod 4Þ and Q consists of all prime powers q2 such that
3oqo500 and q is a prime  3 ðmod 4Þ:
Theorem 1.4 (Ge and Zhu [14, Theorem 1.6]). There exists a Z-cyclic TWhðvÞ
whenever v is a product of integers from the set Pn; where Pn contains
21; 25; 33; 133; 72; 112; 192; 232 and all primes congruent to 1 ðmod 4Þ417: If
v does contain 21 or 33 as a factor, then v can contain any integer from P (the
same set as in Theorem 1.3) as its factor too. If there exists a Z-cyclic TWhðvÞ
constructed as above, then there is also a Z-cyclic TWhðqv þ 1Þ for any
qAf7; 15; 19; 23; 31; 35; 39g:
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In this paper, we shall further the investigation for the existence of TWhðvÞ
and show that there is no TWhð12Þ and that there does exist a Z-cyclic TWhðvÞ
for each vAf44; 45; 48; 52; 56g: This completes the even case for the existence
of TWhðvÞ: By applying frame constructions [14] and product constructions
[3], several new inﬁnite classes of Z-cyclic triplewhist tournaments are then
obtained. These extend not only the results mentioned in the above theorems
but also the known results of [4,12,13]. For general information on whist
tournaments see the survey paper of [1]. We use [6] as our standard reference on
design theory.
2. Updating TWhðvÞ
A balanced incomplete block design (BIBD) with parameters ðv; k; lÞ; denoted
by ðv; k; lÞ-BIBD, is an arrangement of v points into lvðv  1Þ=ðkðk  1ÞÞ blocks
of size k; where kov; such that every pair of points appears in exactly l blocks.
A ðv; k; lÞ-BIBD is said to be resolvable, denoted by ðv; k; lÞ-RBIBD, if its
blocks can be partitioned into parallel classes each of which spans the set of
points.
Lemma 2.1. There does not exist a TWhð12Þ:
Proof. It is easy to see that a TWhð12Þ gives a ð12; 4; 3Þ-RBIBD when each game is
regarded as a block. It is proved by Morales and Velarde in [20, Theorem 4.1] that
there are precisely 5 nonisomorphic ð12; 4; 3Þ-RBIBDs, which are listed in Table 1 of
[20]. It is readily checked that none of these RBIBDs can be ordered to form a
TWhð12Þ by doing all possible permutations within each block. This completes the
proof. &
Remark. After submission of this paper, we got the information that the
nonexistence result stated in the above lemma was also established by Haanpa¨a¨
and O¨sterga˚rd [15] independently with the same method.
Lemma 2.2. For each vAf44; 45; 48; 52; 56g; there is a Z-cyclic TWhðvÞ:
Proof. We list the initial rounds for the desired designs as follows.
v ¼ 44: ð10; 34; 19; 21Þ; ð4; 31; 23; 35Þ; ð32; 42; 5; 6Þ; ð17; 12; 14; 37Þ;
ð30; 39; 18; 33Þ; ð36; 25; 1; 26Þ; ð29; 8; 9; 22Þ; ð28; 20; 11; 15Þ;
ð24; 7; 3; 40Þ; ð41; 27; 13; 16Þ; ð2; 38; 43;NÞ:
v ¼ 45: ð42; 14; 22; 41Þ; ð21; 7; 12; 39Þ; ð8; 15; 25; 36Þ; ð17; 29; 13; 28Þ;
ð5; 37; 16; 18Þ; ð23; 32; 9; 38Þ; ð33; 11; 30; 40Þ; ð6; 3; 1; 26Þ;
ð35; 34; 20; 44Þ; ð2; 10; 4; 43Þ; ð19; 24; 27; 31Þ:
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v ¼ 48: ð4; 11; 17; 30Þ; ð31; 34; 20; 39Þ; ð25; 37; 22; 23Þ; ð19; 2; 27; 43Þ;
ð10; 42; 35; 46Þ; ð1; 21; 18; 47Þ; ð6; 29; 16; 41Þ; ð7; 45; 36; 38Þ;
ð28; 32; 12; 33Þ; ð14; 24; 5; 44Þ; ð3; 8; 26; 40Þ; ð15; 9; 13;NÞ:
v ¼ 52: ð19; 41; 2; 18Þ; ð9; 36; 15; 26Þ; ð38; 42; 7; 49Þ; ð25; 23; 43; 50Þ;
ð13; 8; 22; 37Þ; ð11; 21; 3; 34Þ; ð40; 1; 10; 48Þ; ð31; 12; 16; 24Þ;
ð14; 39; 17; 20Þ; ð27; 44; 29; 30Þ; ð33; 47; 28; 46Þ; ð5; 35; 45; 51Þ;
ð32; 4; 6;NÞ:
v ¼ 56: ð2; 43; 21; 22Þ; ð32; 52; 6; 38Þ; ð46; 9; 26; 53Þ; ð12; 5; 8; 37Þ;
ð19; 3; 13; 30Þ; ð45; 11; 35; 50Þ; ð39; 27; 48; 51Þ; ð1; 31; 23; 28Þ;
ð24; 34; 36; 47Þ; ð17; 4; 18; 54Þ; ð15; 7; 33; 55Þ; ð10; 41; 40; 49Þ;
ð25; 29; 42; 44Þ; ð14; 20; 16;NÞ: &
Combining the results in this section with Theorem 1.1, we can update the known
results on the existence of TWhðvÞ as follows.
Theorem 2.3. A TWhðvÞ exists if and only if v  0 or 1 ðmod 4Þ is a positive integer,
except for v ¼ 5; 9; 12 and possibly excepting vAf13; 17; 57; 65; 69; 77; 85; 93; 117;
129; 153g:
3. Updating Theorem 1.4
In this section, we shall employ recursive constructions and the new Z-cyclic TWhs
obtained in the last section to update the results shown in Theorem 1.4. First, we
need the following concept.
Suppose S is a set of players and H ¼ fS1; S2;?; Sng is a collection of
subsets which form a partition of S: Let si ¼ jSij and v ¼ jSj: Suppose
v  si  0 ðmod 4Þ for any i; 1pipn: A holey round with hole Si is a set of
games ða; b; c; dÞ which partition the set S  Si: A triplewhist tournament frame
(brieﬂy TWh-frame) of type ðs1; s2;y; snÞ is a schedule of games ða; b; c; dÞ; where
the unordered pairs fa; cg; fb; dg are called partners, the pairs fa; bg; fc; dg
opponents of the ﬁrst kind, and the pairs fa; dg; fb; cg opponents of the second
kind, such that
1. the games are arranged into holey rounds, there are si holey rounds with hole Si
each containing ðv  siÞ=4 games;
2. each player in hole Si plays in exactly one game in all but si holey rounds;
3. each player partners with every other player in distinct holes exactly once;
4. each player has every other player in distinct holes as an opponent of the ﬁrst kind
exactly once, and that of the second kind exactly once.
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We shall use an ‘‘exponential’’ notation to describe types: so type tu11 yt
um
m denotes
ui occurrences of ti; 1pipm; in the multiset fs1; s2;y; sng: If s1 ¼? ¼ sn ¼ s; we
say that the TWh-frame has a uniform type sn and we denote it by TWh-frameðsnÞ:
For v  1 ðmod 4Þ; a TWh-frame of type 1v is just a triplewhist tournament of
order v:
Suppose S ¼ Zv; v ¼ hn and Zv has a subgroup H of order h: Suppose a
TWh-frameðhnÞ has a special round (called round 0), whose elements form a
partition of the set S  H; such that round j þ 1 can be obtained from round j by
adding 1 ðmod vÞ to each element. Such a TWh-frame is called Z-cyclic. The round 0
is called an initial round. The following result on Z-cyclic TWh-frames is a
restatement of [14, Theorem 4.6].
Theorem 3.1. There exists a Z-cyclic TWh-frameð3wÞ if w is a product of integers from
set P; P ¼ P1,Q,f21; 133g; where P1 consists of all primes  1 ðmod 4Þ and Q
consists of all prime powers q2 such that 3oqo500 and q is a prime  3 ðmod 4Þ:
Let G be an abelian group of order v: A difference matrix based on G; denoted
ðv; k; 1Þ-DM, is a k 
 v matrix A ¼ ½aij; aij in G; such that for ras the differences
arj  asj; 1pjpv; comprise all the elements of G: If G ¼ Zv; the difference matrix is
called cyclic and denoted by ðv; k; 1Þ-CDM. If the elements of each row comprise all
the elements of Zv; we speak of a homogeneous ðv; k; 1Þ-CDM. It is easy to see that if
a ðv; k; 1Þ-CDM contains a row with all elements 0, then the remaining rows form a
homogeneous ðv; k  1; 1Þ-CDM and vice versa.
The following lemma comes from [3], where the number 39 comes from [18].
Lemma 3.2 (Anderson et al. [3]). A homogeneous ðv; 4; 1Þ-CDM exists for any integer
v; ðv; 6Þ ¼ 1 or vAf15; 21; 33; 39; 51g:
The following constructions on Z-cyclic TWhs and Z-cyclic TWh-frames are
stated in [9,14].
Construction 3.3 (Frame construction). Suppose there are Z-cyclic TWh-frameðhnÞ
and Z-cyclic TWhðhÞ for h  1 ðmod 4Þ: Then there exists a Z-cyclic
TWhðhnÞ:
Construction 3.4 (Inﬂating by cyclic difference matrix). Suppose there exists a Z-
cyclic TWh-frameðhnÞ: If there is also a homogeneous ðv; 4; 1Þ-CDM, then there exists
a Z-cyclic TWh-frameððvhÞnÞ:
The following two product theorems come from Theorems 3.2 and 3.3 of [3],
respectively.
Theorem 3.5. If u and v are both  1 ðmod 4Þ; then the existence of a Z-cyclic
TWhðuÞ and a Z-cyclic TWhðvÞ implies the existence of a Z-cyclic TWhðuvÞ:
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Theorem 3.6. Suppose there exists a Z-cyclic TWhðvÞ for v  1 ðmod 4Þ: Suppose
there exist also a Z-cyclic TWhðq þ 1Þ and a homogeneous ðq; 4; 1Þ-CDM for q 
3 ðmod 4Þ: Then there exists a Z-cyclic TWhðqv þ 1Þ:
We are in a position to state our main results on Z-cyclic TWhs.
Theorem 3.7. There exists a Z-cyclic TWhðvÞ whenever v is a product of integers from
the set Pnn; where Pnn contains 21; 25; 33; 45; 133; 72; 112; 192; 232 and all primes 
1 ðmod 4Þ417: If v does contain 21; 33 or 45 as a factor, then v can contain any
integer from P (the same set as in Theorem 1.3) as its factor too. If there exists a Z-
cyclic TWhðvÞ constructed as above, then there is also a Z-cyclic TWhðqv þ 1Þ for any
qAf7; 15; 19; 23; 31; 35; 39; 43; 47; 51; 55g:
Proof. The ﬁrst assertion comes from the product construction of Theorem 3.5 and
the ingredient designs come from Theorems 1.2, 1.4 and Lemma 2.2.
To prove the second assertion, we start with the Z-cyclic TWh-frameð3wÞ from
Theorem 3.1, where w is the largest factor of v which does not contain 21; 33; 45 as its
factor. Inﬂate it with a homogeneous ðq; 4; 1Þ-CDM for qAf7; 11; 15g to obtain a Z-
cyclic TWh-frameðð3qÞwÞ: This gives a Z-cyclic TWhð3qwÞ by Construction 3.3 and
takes care of the case when 3q appears as a factor of v exactly once. If 3q appears as a
factor of v more than once, the assertion comes from the product construction of
Theorem 3.5.
To prove the third assertion, we start with a Z-cyclic TWhðvÞ constructed as
above. Since a homogeneous ðq; 4; 1Þ-CDM exists from Lemma 3.2 and a Z-cyclic
TWhðq þ 1Þ exists from Theorem 1.2 and Lemma 2.2, we may apply the product
construction of Theorem 3.6 to obtain a Z-cyclic TWhðqv þ 1Þ: &
4. Concluding remarks
In this paper, we have completed the spectrum for the existence of TWhðvÞ with v
even. For v odd, the ﬁrst two open cases are v ¼ 13 and 17: However, it is already
known that there are no Z-cyclic TWhðvÞ for these two orders. Similar to the case
v ¼ 12; a possible approach to solve these two cases is to ﬁrst classify all the almost
resolvable BIBDðv; 4; 3Þ for v ¼ 13; 17: Indeed, Haanpa¨a¨, Kaski, and O¨sterga˚rd
indicated in a private communication that TWhð13Þ does not exist using this
approach. The case for v ¼ 17 is still open.
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